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FOREWORD 

This report  is the result of a study on the numerical analysis of stresses and 

deformations of fixed-edge orthotropic and isotropic segmental cylindrical shells 

under uniform and hydrostatic pressures as well as l inear thermal gradient across  

the thickness of the shell. Work on this study was performed by staff members of 

Lockheed Missiles & Space Company in cooperation with the George C. Marshall 

Space Flight Center of the National Aeronautics and Space Administration under 

Contract NAS 8-11480. Contract technical representative was H. Coldwater. 

This volume is the second of a nine-volume final report  of studies conducted by the 

department of Solid Mechanics, Aerospace Sciences Laboratory, Lockheed M i s s i l e s  & 

Space Company. Project Manager was K. J. Forsberg; E. Y. W. Tsui was Technical 

Director for the work. 

The nine volumes of the final report have the following titles: 

VOl. I 

VOl. I1 

VOl. I11 

VOl. IV 

VOl. v 
VOl. VI 

VOl. vu 

VOl.  VI11 

VOl. Ix 

Numerical Methods of Solving Large Matrices 

Stresses  and Deformations of Fixed-Edge Segmental Cylindrical 

Shells 

Stresses  and Deformations of Fixed-Edge Segmental Conical Shells 

Stresses  and Deformations of Fixed-Edge Segmental Spherical 

Shells 

Influence Coefficients of Segmental Shells 

Analysis of Multicellular Propellant Pressure  Vessels by the 

Stiffness Method 

Buckling Analysis of Segmental Orthotropic Cylinders under Uniform 
-I---- Qh-p c c Dic t _----.__ ri hi it ion 

Buckling Analysis of Segmental Orthotropic Cylinders under Non- 

uniform Stress  Distribution 

Summary of Results and Recommendations 
iii 
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SUMMARY 

j 3 415- 
This volume presents a set of basic equations f o r  orthotropic thin elastic cylindrical 

shells and a digital program fo r  the analysis of static response of segmental cylinders 

with fixed edges under the following loading conditions: 

0 Linearly varying pressure 

0 Uniform pressure 

0 Linear thermal gradient through the thickness of shell 

direct  method of solving a large system of simultaneous equations. Also, a numerical 

The problem is solved numerically by means of finite-difference technique, using a 

example showing the stresses and deformations of a segmental orthotropic cylinder 

under uniform pressure  is presented. i LLd-0 b 

./’ 

V 

LOCKHEED MISSILES & SPACE COMPANY 



CONTENTS 

Section 

FORE WORD 

SUMMARY 

NOTATIONS 

1 INTRODUCTION 

2 FORMULATION OF THE PROBLEM 

2 . 1  Analytical Formulation 

2 . 2  Boundary Conditions 

2 . 3  Stresses in Skin and Stiffeners 

3 NUMERICAL ANALYSIS 

3 . 1  Approximation of Derivatives 

3 . 2  Difference Equations 

3 . 3  Grading of Mesh 

4 DIGITAL PROGRAM 

4 . 1  General Description 

4 . 2  Numerical Example 

4 . 3  Listing of the Program 

vii 

LOCKHEED MISSILES & S P A C E  COMPANY 

Page 

iii 

V 

v i  
1 

5 

5 

14 

17 

19 

20 

22 

26 

28 

28 

29 

47 



NOTATION 

d 

D 

E 

Fi 

Ff 

G 

h 

h , k  
- 

A A 

0 )  No M 

0 P 

R 

nondimens ional parameters defined in text 

spacing of stiffeners (stringers and ribs) 

eccentricity of stiffener with respect to middle- 

surface of shell 

depth of stiffener 

flexural rigidity of shell = Eh /12( 1 - v ) 

modulus of elasticity 

boundary force at Station i 

3 2 

boundary forces of fixed-edge shell due to applied 

forces o r  thermal gradients 

shear modulus 

thickness of shell 

mess  spacings in X- and 8- coordinate directions 

number of columns and rows of the mesh 

dummy subscripts 

stiffness influence coefficients 

length of cylindrical segment 

moments and stress resultants 

surface o r  body forces 

transverse shears  

radius 

ix 



Ri 

t 
T 

C 
6 

A 

T 
E 

concentrated forces at corners of shell boundaries in 

the 2-direction 

width of stiffener 

change of temperature 

displacement components in directions 
A ? .  

x , 8 , 
and z 

cylindrical coordinates 

angle subtending one-half width of cylindrical segment 

orthogonal coordinates along boundaries of shell 

boundary deformations (displacements o r  rotations) 

at Station i 

direct and shear  s t ra ins  

changes of curvature o r  torsion of middle-surface 

Poisson's ratio 

rotations of the normal at the middle-surface 

m as 
functions at a discrete point i , j where i , j 
implies the 2- and 6- directions respectively 

thermal s t ra in  = coefficients of l inear  expansion 
times the change of temperature, T 

rotation in the middle-surface around the normal 

Additional notations and symbols are defined in the text. 

X 
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Section 1 

INTRODUCTION 

As a result of an investigation of juncture stress fields peculiar to the multicellular 

pressure vessels (Fig. l), a theory for  the prediction of the membrane and bending 

stresses and the corresponding deformations for such shell structures was formulated.* 

4 -CELL STRUCTURE I 20- CELL STRUCTURE 

Fig. 1 Multicellular Shell Structure 

""Investigation of J*iyj=j&*;re Stress Fields in >,$vdtice!!~dar She!! Str~zct,nres , I t  h x r  U J  

E. Y. W. Tsui, F. A. Brogan, J. M. Massard,  P. Stern, and C. E. Stuhlman, 
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale, 
Calif. , Feb 1964 - NASA CR-61050. 
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Due to the fact that analytic solutions are still lacking, it was decided to solve the 

problem numerically by means of finite-difference technique. To ensure the feasi- 

bility of such a numerical solution, a direct  method of solving large matrices with 

a high-speed digital computer was also developed. 

According to the previous work, if  the stiffness o r  displacement method is used, the 

total forces and hence the corresponding s t r e s ses  along the juncture of the shell 

segments (Fig. 2) may be expressed concisely in the following matrix form 

f where k is the stiffness matrix,  6 are the deformations, and F are the fixed-end 

forces due to applied loads o r  thermal gradients. In view of this situation, it is 

logical to solve the problem systematically by the established general procedure of 

analysis already described.* This procedure may be stated briefly as follows: 

1. Determination of the fixed-end forces ,  Ff , along the boundary as 

well as  stresses and deformations in the interior of shell segments 

due to loads 

2. Determination of the influence coefficients, kij , along the boundaries 

of shell segments, i. e.,  the induced forces  at points i due to unit 

deformations ( 6  = 1)  at points j 

3.  Determination of the actual deformations, 6 , along the shell 

boundaries ; this requires the satisfaction of both compatibility and 

equilibrium conditions at  the junctures of the s t ructure  

Once all the work involved in these three s teps  is completed, the total stresses and 

deformations in the specific discrete  interior locations may be obtained. 

*ttInvestigation of Juncture S t ress  Fields in Multicellular Shell Structures , I t  by 
E. Y. W. Tsui, F. A. Brogan, J. M. Massard,  P. Stern,  and C. E. Stuhlman, 
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale, 
Calif., Feb 1964 - NASA CR-61050. 
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2 

4 

Fig. 2 Basic Shell Elements  of Multicellular Structure 
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This volume presents resul ts  of the work involved in Step 1 only and covers the 

following items: 

0 Nondimensional formulation of the problem 

0 Detailed description of a workable digital program for the generation of 

solutions 

0 Tabulation of s t r e s ses  and deformations of an orthotropic segmental 

cylinder with fixed edge under uniform internal pressure  

4 
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Section 2 

FORMULATION OF PROBLEM 

The necessary analytical expressions for  an anisotropic cylinder have already been 

given.* In order  that this report  be complete in the sense of equations, all  the 

required equations specialized to  that of an anisotropic cylinder a r e  presented. 

Further ,  boundary conditions for a boundary which coincides with coordinate axes 

a r e  given. 

ordering of the equations a r e  given s o  that they can be solved bythe "direct method" 

described in Vol. I. 

Finally, the governing equations are written in difference form and the 

2.1 ANALYTICAL FORMULATION 

The geometry of the cylindrical panel under consideration is shown in Fig. 3. 

Symmetry is noted in the 8-direction. This condition does not res t r ic t  the equation 

system which follows; it only affects the method of solution. 

Anisotropy of the cylinder is due to ribs and s t r ingers  of the same s ize  which are 

equally spaced in  both directions a s  shown in Fig. 4. If the spacing b between r ibs  

and s t r ingers  is large,  i t  is necessary to analyze the cylinder as if it were composed 

of shell  panels and stiffeners. However, when the spacing becomes small  the s t ruc-  

ture  assumes an anisotropic shell. 

r ib  and s t r inger  geometry. 

Figure 5 shows further details of an element of 

To obtain a formulation which will yield solutions covering a wide range of shell 

parameters ,  all geometrical and dependent variables have been nondimensionalized 

and normalized in the following manner: 

*"Investigation of Juncture Stress  Fields in Multicellular Shell Structures ,'I by 
E. Y. W. Tsui,  F. A. Brogan, J. M. Massard,  P. Stern, and C.  E. S'cdman, 
Technical Report M-03-63-1, Lockheed Miss i les  & Space Company, Sunnyvale, 
Calif . ,  Feb 1964 - NASA CR-61050. 
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Fig. 3 Geometry of Cylindrical Panel 
7 

Fig. 4 Element of Stiffened Shell 
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Fig. 5 Rib and Stringer Geometry 

For  the coordinate system 

x = 2/L 

8 = 8 / e c  

z = i / R  

= R O ~ / L  

- 
h = x/n 

k = e/m 
- 

For  the dependent variables 

u = i / R  

v = G/R 

w = 6 / R  

N = N/Eh 

M = M/EhR 

x = RX 

(2. la) 

(2. l b )  

(2. I C )  

(2. Id) 

(2. le) 

(2. If) 

Consequently, the basic shell equations can be written as shown in Secs. 2. 1.1 

through 2.1.4. 

7 

(2. 2a) 

(2.2b) 

(2.2c) 

(2.2d) 

(2.2e) 

(2.2f) 
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2.1.1 Rotation-Displacement Relations 

Positive displacements and rotations of the reference surface (Fig. 6) are shown in 

Fig. 7 and are related by the equations: 
I 

2.1.2 Strain-Displacement Relations 

The s t ra ins  of the reference surface are related to displacements by 

- 
Ex = ( d e c )  u,, 

Y = ( l / e c )  usx + (P/OC) v,, 

I - 
= i / ec  v , ~  + w ‘e 

- 

8 

(2.4a) 

(2.4b) 

(2.4c) 

(2.5a) 

(2.5b) 

(2.5c) 

LOCKHEED MISSILES & SPACE COMPANY 
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Fig. 6 Stress  Resultants, Moments. and Loads 

Fig. 7 Displacements and Rotations 
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The s t ra ins  at a distance z from the reference surface are given by 

- 
€ = E + ZX, X X (2.6a) 

(2.6b) 

( 2 . 6 ~ )  

2.1.3 Constitutive Relations 

Positive stress resultants are shown in Fig. 6. These stress resultants are related 

to s t ra ins  by the equations 

T - - 
N = E E + EV€e -sCxx + N  x x  X 

T 

10 

(2.7a) 

(2.7b) 

(2.7c) 

(2.7d) 

(2.7e) 

(2.7h) 

(2.7i) 
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where 

2 E v  = ~ / ( l  - Y ) 

D = De = K ( 1  + ( t /h ) (d /b)  [ (d /h)2  + 1 2 ( ~ / h ) ~ l  (1 - 2 >} - v 2 ) X 

= K (1 + 2 ( t /h)3 ( d / b ) } / ( l +  v )  Dex 

h/2 -h/2 
NT = - [1/(1 - v ) h l  [/ aTdz + ( t /b)  CY Tdz] 

-h/2 - (  d +  h/2 ) 

2.1.4 Governing Differential Equations 

The governing differential equations for an  anisotropic cylinder in te rms  of the 

displacement components u , v and w are given by 

(2. sa) 

11 
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biu' xe + b2vsxx + b3~9 68 + b 4 ~ 9 ~ 0  + b 5 ~ 9  + b6w,o = B (2.8b) 

c u  + c  v + c v  + c w  + c  w 1 sxXx + c 2 u 9 x  3 '=e + '4'3eee 5 ' e  6 'm 7 'mee + c a w s  eeee 

+ c9w'ee + Cl0W = c ( 2 . 8 ~ )  

where 

c = ( p / y  3 sc 
1 

5 c2 = a 

c = b 4  

c = b 5  

c = b 6  

3 

4 

5 

12 
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The right-hand vectors of Eq. (2 .8 )  for  three types of loading and the corresponding 

dimensional displacement components a re  given below: 

0 Uniform normal pressure  

A = O  

B = O  

C = pZR/Eh 1 . 0  

6 = up,R /Eh 

$ = vpzR /Eh 

% = wp,R /Eh 

2 

2 

2 

0 Linearly varying pressure  

A = O  

B = O  

c = (R/Eh)(Pg + P,) 
2 i.i = uR /Eh 

2 
= vR /Eh 

2 $I = wR /Eh 

0 Linear temperature gradient 

A = O  

B = O  

13 
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where 

a! = coefficient of thermal expansion 

To 
= ambient temperature at which the structure is stress f ree  

T + Ti  

external and internal temperatures of shell skin 

e - 
T1 - 2 - To 

Te , Ti 
= 

u = u R  

$ = vR 

w = WR 

h 

A 

It should be noted that Eqs. ( 2 . 7 )  and (2. 8) reduce to the case of isotropic shells if 

d = t = O .  

2 . 2  BOUNDARY CONDITIONS 

The boundary conditions have already been given* for  an arbi t rary shell with a smooth 

boundary curve. These boundary conditions are in te rms  of displacements and stress 

resultants. If the boundary curve is not smooth it is possible that a concentrated load 

must be applied a t  the slope discontinuity. This concentrated load can be established 

by use of the work done by the boundary forces,  

C 

1 M 
+ Q w  + M u  -saw d< 

3 5 77 Al) 877 
(2.9) 

*"Investigation of Juncture Stress  Fields in Multicellular Shell Structures , I r  by 
E.  Y.  W .  Tsui, F.  A. Brogan, J. M. Massard,  P. Stern, and C. E .  Stuhlman, 
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale, 
Calif . ,  Feb 1964 - NASA CR-61050. 
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The last t e rm in equation can be integrated by par ts  to yield 

where 

K 

+ M w ] dc - R i w ( i )  
t - 7 7  i = l  

(2.10) 

Thus Ri is a concentrated load in the direction of z at which the boundary curve 

has a discontinuous slope. 

At this point a specific boundary curve is considered. This is shown in Fig. 8 as 

a b  c d . The boundary forces for  various sections of this boundary curve are given 

a 

Fig. 8 Boundary Curve and Forces 

15 
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by the equations: 

c d :  

1 - 
N = N x e + - M  

N = N  

77 R xe 
- 

5 X 

1 + - M  
- 

Q = Qx R xe,e 
- 
M = M  5 X 

At the corners  b and c there is a possible reaction load given by 

Ri = 2 M x e ( b ; c )  

16 



For a fixed-edge cylinder, the displacement components are all zero.  

boundary curve a b  c d , the required boundary conditions are 
Thus, for the 

Along ad the symmetry conditions are 

v = o  

w = o  6 

Nex = 0 ; Mex = 0 

Q, = 0 

2.3 STRESSES IN SKIN AND STIFFENERS 

Once the stress resultants and couples are known, the corresponding maximum and 

minimum stresses of an isotropic shell can be computed by the relations 

1..  6~ = - N  i - M  x h x  h 2 x  

1 
h 

- -  - 6 . .  * - M  
h2 e 

(2.11) 

(2.12) 

17 
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This is based on the assumption of a l inear stress variation through the thickness 

given as 

b u. = u. + zu. 
1 1 1 

- 

where a. is a membrane stress and zub is the stress due to bending. 
1 1 

(2.13) 

For  a shell composed of ribs and stringers the expression for  s t r e s ses  cannot be 

obtained in the above manner. When s t r e s ses  are required i t  is not necessary to 

f i r s t  compute s t r e s s  resultants and couples based on s t ra ins  and curvature changes. 

However, the computation of s t r e s ses  in the skin and stiffeners of an orthotropic 

shell in which the s t r e s s  variation between stiffeners is small  must be obtained by 

use of the basic equations for  s t ress .  These equations are given by 

Stress in skin: 

(2. 14) 

(2.15) 

Stress  in stringer:  
h 

CJ = E(E1 + zx l )  where Iz1 > 2 
X 

Stress  in rib: 

(2.16) 

h 
CJ = E(E2 + zx2)  where lz 1 > 2 e 

In the digital program there is an option to printout the above strains.  

(2.17) 

18 
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Section 3 

NUMERICAL ANALYSIS 

The finite-difference method is used to solve the governing equations of a cylindrical 

shell  segment with fixed edges. The scheme in this numerical method of solution is 

to replace the problem of a continuous coordinate system by a problem defined at a 

finite number of coordinate points. To accomplish this discretization, the continuous 

two dimensional (x , 6 )  domain of the cylinder is covered by a uniform rectangular 

net as shown in Fig. 9. Lattice points of this net which are within the domain ,D 

t.0 
COLUMNS 

0 

X 

Fig. 9 Domain and Boundary of Cylindrical Shell Segment 

19 
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are called mesh points and lattice points on the boundary curve I? are called 

boundary points. At these lattice points the dependent variables ( u ,  v , w) of 

the governing differential equations are replaced by the discrete values of ui , vi . ,  

w. . The subscript i of ui denotes the row number and corresponds to the 

x-coordinate while the superscript  j denotes the column number and corresponds to 

the 8-coordinate. In general, the boundary curve does not coincide with the net. 

However, in the problem under consideration, this complication does not exist. 

j j  

j j 
1 

The difference equations which are a set of algebraic equations representing the 

governing equations and boundary conditions are formed by first approximating the 

derivatives at a given point by a function of the variable at neighboring points. These 

functions replace the derivatives of the governing equations. Thus, at each mesh point 

three algebraic equations can be written in t e rms  of neighboring points. When the 

boundary conditions are accounted for  in these equations the resulting se t  of 

simultaneous algebraic equations 

replaces the continuous problem. The solution of this set of algebraic equations can 

be accomplished by methods described in Vol. I. 

3 . 1  APPROXIMATION OF DERIVATIVES 

To transform the governing equations to difference form, the derivatives of u, v,  w 
are expressed in te rms  of their  values at neighboring mesh points. These derivatives 

are determined by a Taylor series approximation* for a rectangular net and are given 

by the following equations: 

*ttInvestigation of Juncture Stress  Fields in Multicellular Shell Structures , I '  by 
E. Y. W. Tsui, F. A. Brogan, J. M. Massard,  P. Stern, and C. E. Stuhlman, 
Technical Report M-03-63-1, Lockheed Missiles & Space Company, Sunnyvale, 
Calif., Feb 1964 - NASA CR-61050. 
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f'x = 1/2L - fY1) (3. l a )  

(3. lb) 

(3. I C )  

(3. Id) 

0 -1 

f k x  = 1126~ (f; - 2< + ZP -1 - fo -2 ) 
= 1/1; 4 0  ( f 2 - 4 c + 6 P - 4 f o  t f o 2 )  

= l/k -2 (f 1 - 2f0 + f-1) 

f a  eee  = l/k (f 0 - 2f1 0 + 2ff,-' - f-2) 0 

f 9  xxxx 0 -1 

= 1/2E (f; - f,-'> (3. le) 

(3. lf) 

(3.W 

f * e  

f ,  68 0 0 0  

-3 2 

- 4f1 + 6P - 4f-* + f i 2 )  (3. lh)  f s  8868 0 0 

f,X6 = 1/4% (f: - f!l - fyl + f:;) (3. li) 

(3. l j)  
-1 = 1/2L2ii ( -  2f1 + 2f%' + f l  1 1  + f V l  - fl - fI;) 

= l/2LE2 (- 2f'l+2f0 + f l t  1 f l  -1 - f 1 - fI:) 

= l/h -2 k - 2  (- 2fl 0 - 2f0 - 2f1 - 2fi' + f l  1 1  + f-l + f l  -1 + f-l -1 + 4fol 

= l/c3 [u; - 3ul 0 + 

uo 1 (3. 
= l/li3 [uy - 3u 0 + 3u-l 0 - -2 

fJxx8 0 

faxee -1 -1 

f'xxee -1 0 

(3. lk) 

O' (3.11) 

Lower order approximations to be used as noted 

(3. b) u'xxx 

uy xxx 0 

uJ88e K3 [.-I - 3J) + 3,-i-1 - u-21 (3. lo) 1 uo 0 0 O l  
= i / K  

21  
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3.2 DIFFERENCE EQUATIONS 

The formation of the difference equations is effected in a straightforward manner by 

substituting the appropriate expressions of Eqs. (3.1) into the governing equations 

[ Eqs. (2. S ) ]  , A complication arises when the equations are written at each mesh 

point and the boundary conditions are included in the appropriate equations; i. e. , it 
is not possible to obtain a sufficient number of equations as unknowns. The applica- 

tion of central difference approximations requires that low-order approximations be 

used near  the boundary so that this problem will not occur. It is noted that Eq. ( 2 . 8 ~ )  

contains a third derivative of u with respect to x and a third derivative of v with 

respect to 8 . The third derivatives as given by Eqs. (3. IC) and (3. lg)  are in t e rms  

of five points hence is a higher order  approximation (only four points are necessary 

for a third derivative). It was decided to incorporate the four point derivative 

throughout while the third derivative in  x would only be [Eq. (3. lo)] for v, 

changed to Eqs. (3. lm)  and (3. In) when the equations are written one row from the 

boundary. After these substitutions, the governing equations in difference form a t  a 

point 0, o are as follows: 

o m  

+A6(wi  - wy2) = A: (3.2a) 

1 1  + B w2 - wi2)  = Bo 0 -t B6(w1 + w - ~  - wi l  - w-l )  -1 7 (  
(3. 2b) 

cl(q - uy2) + c2 (u; - u:,) + c3vO2 + 3c3v: + c4vo 1 + C & l +  c g  [vl + v-1 - v 1  - v-l -'I 1 1  

1 + w-1 + w-:) +c7(w;+wo -2 ) + c 8 ( w ; + w o )  -1 +c9(w;+w:1) + c 1 o ( w 1 + w - 1  1 - 

+cll  (2 0 + w-2) 0 + C12WZ = c: (3. 2c) 

22 
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A1 = al/li 

A2 = - 2(A1+ A 3 )  

-2 
A3 = a2/k 

A4 = a3/41iE 

A5 = a4/25 - 2A6 

= a5/2ii3 

A: = A 

B1 = A4 

B2 = b2/E2 

B3 = - 2 ( B 2 +  B4) 

B4 = b3/E2 

B5 = - 2(B6 + B7) + b6/2E 

B6 = b4/2G2E 

B~ = b p i 3  

0 Bo = B 

23 

LOCKHEED MISSILES & SPACE COMPANY 



-3 C1 = c1/2h 

I 

C6 = c3/2& 

= c2/25 - 2c1 
c2 

-3 C3 = - c4/k 

c4 = - 2C6 - c3 + c5/2ii I 
c5 = - c4 - 4c3  

C8 = - ( 4 5  + 2Cl0) 

c9 = - 2(C10 + 2Cll) + c9/I; 2 

c: = c 

The complete set of difference equations are obtained by writing these equations at 
each mesh point. Along lines of symmetry only two equations are necessary since 

one of the variables will be zero. After the incorporation of fixed edge boundary 

conditions, a sufficient number of equations for  unknowns yields a s e t  of simultaneous 

algebraic equations which are written in matrix form as 

24 
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Unless care  is exercised in ordering the equations and unknowns, the square matrix 

A, can be full. From the aspect of solving a large number of equations (Vol. I), the 

ordering is important. To establish an insight into the idea of the ordering employed, 

it is noticed from the difference expressions [ Eqs. (3. l)] that the highest derivatives 

are in t e rms  of at most two rows llabove;ll two rows llbelow;lT two columns to the rrleft,tr 

and two columns to the r'righ"' of a given meshpoint. If all the equations for a given 

column were  written and stored in submatrix form, the unknowns would involve two 

columns to the 'lright" and r'left.lr Thus, any column would involve, at most, five sub- 

matrices. The matrix 4 is accordingly partitioned in the manner shown below, where 

m is the number of columns in the finite difference net. 

E I F I G 1  . . . r - 
0 

n- 2 

m- 1 

G 

F 

C D E  m m m  L 

This matrix A N is obtained by writing Eqs. (3.1) in 

The boundary and symmetry conditions have been used to eliminate certain equations. 

Fixed-edge boundary conditions are well-suited for this formulation, since they do 

not require complex algebraic expressions. Specifically, if  Eqs. (3.1) are written 

one column from the boundary, then the submatrix Fm is zero ( u  = v = w = 0 )  

and the submatrix G 

the boundary condition that does not permit rotation. Along a symmetry line all 

terms are either reflected with the same or  opposite sign. This fact accounts for 

the missing C, and D, matrices. Similar alterations are made in each matrix 

to account for boundary and symmetry conditions. 

and not on the boundary r . 

contains only w t e rms  which are reflected into Em due to m 

I L 
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3 . 3  GRADING OF MESH 

For  a cylinder the solution in Q is not uniform; at the boundary (x = 0 ,  1) the varia- 
tion of the dependent variables occurs in a small  interval. Such boundary behavior is 
characteristic of shell-type problems. 

the x-direction. To reveal the solution in sufficient detail in this region requires  a 

small  mesh spacing. To obtain this spacing without increasing the number of unknowns, 

some type of variable spacing must be incorporated. A rather simple method which 

accomplishes the small  spacing and which does not destroy the form of the matrix A, 
is called grading. In grading, the mesh spacing is changed by a factor of two from the 

parent mesh as shown in Fig. 10. 

For a cylinder, this behavior occurs only in 

I 
I I - 2 . t  FINE MESH 

Fig. 10 Grading by Factor  of Two 
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The major problem associated with grading mesh in the x-direction is obtaining the 

equation at the interface between different meshes. The following method is employed: 

0 Point o is considered as an ordinary point of the fine mesh and derivatives 

are expressed in t e rms  of points - 2 ,  -1, 0 ,  1 / 2 ,  1 where point 1/2 is 

obtained by interpolation of 1 and 0. 

0 Points, such as 1 which is interior to the coarse net, are considered to  be 

in the mesh space h and use points -2 , 0 ,  1, 2 , 3. 

0 Points, such as -1 which is interior to the fine mesh, are considered to have 

mesh spacing L/2 and use points - 3 ,  - 2 ,  -1, 0 ,  1/2. 
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Section 4 
DIGITAL PROGRAM 

4 .1  GENERAL DESCRIPTION 

The present program provides solutions for  fixed-edge stiffened and unstiffened 

cylindrical panels under loads and changes of temperature. The method of solution 

consists basically in obtaining the displacement components u , v , and w at various 

discrete stations of the structure by finite-difference approximation (see Secs. 2 and 

3). The corresponding s t ra ins  and s t r e s ses  may then be computed. 

The program is designed to compute the fixed-edge forces due to intermediate loads 

o r  thermal gradient. However, displacements, s t ra ins ,  and stresses in the loaded 

region are also evduated simultaneously. The following program options are 

available: 

0 Construction 

(a) Isotropic 

(b) Orthotropic 

0 Finite-Difference Mesh 

(a) Uniform spacing 

@) Graded spacing in the x-direction 
(c) Symmetry in the x-direction 

0 Loading conditions 

(a) Uniform normal pressure  

(b) Linear normal pressure  

(c) Linear temperature gradient through the skin thickness 

There are no restrictions on the geometrical dimensions of panels. 

accuracy with which the basic differential equations are approximated may vary for  
different configurations of the cylinder. 

However, the 
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The finite-difference mesh network is specified completely by prescribing the number 

of rows and columns exclusive of the boundaries, together with the grading options 

which have been chosen. Rows in the finite-difference mesh are parallel to the 

&axis, and columns are parallel to the x-axis. The number of rows may vary from 

4 to 24 and the number of columns from 4 to 80. Thus, a maximum of 5760 unknowns 

can be solved. Greater accuracy near  the boundaries can often be obtained by 

selecting grading. By this means, it is possible to use a mesh spacing at the boundary 

as little as 1/32 of that at the middle portion of the panel. 

There are certain restrictions on the use of the grading option. When such an option 

is used, a separate input card is required to specify a mesh spacing exponent MM( J ) 

for  each row J . The finite-difference equations written along row J , then use the 

mesh spacing XH/2**MM( J ) . This distance must be the least of the two distances 

from row J to the row above and the row below. XH is the basic input mesh 

spacing along the x-direction. Fo r  any row J , MM(J)  and MM(J+ 1) must  not 

differ by more than 1. Also, three consecutive rows cannot have three distinct 

exponents. MM(J )  may vary from 0 to 5. 

Figure 11 shows the flow diagram of this program. 

input data are shown in Tables 1 and 2. 

The description of symbols, and 

4.2 NUMERICAL EXAMPLE 

The analysis of the cylindrical panel with r ibs  and stringers (orthotropic shell) shown 

in Fig. 12 will se rve  as an example to illustrate input data format and the type of 

information that can be obtained through use of the program described in this volume. 

The example is for  the loading option of uniform normal pressure ( Pz = constant ) 
in which two symmetry lines are present. The grading option is used to obtain a 
reasonable solution. The actual mesh spacing which yields solutions of desired 

accuracy must be obtained by exploring YUS with different mesh spacing. The 14 row 

20 column mesh used in this example proved satisfactory for  the particular geometry. 
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Set tape unit 
designations; 
initialize clock 

t Reset  tape 
Read and wri te  control vnlues 
input da ta  and wri te  run 

t ime 

Isotropic 
cylinder 

Row 1 of m e s h  is  
atlj:iccnt to the 
Imundary, x ~ 0 

Unilorni m e s h  
spacing 

Graded m e s h  
spacing in 
x -di rec t  ion e IOPT 4 

normal  

finite-difference equations 
and values of control 

Omit cylinder 
s t ra ins  

\Vr1tc s t r c s s  
rcsul tnnts  I i x  , 
Kxo. Q .  and r-l Q . nnd hl 
b1x. N o .  N/jx .  

equation sys tem 
by Gnussian 

equation system 
for the bountlnry 

for tlisplacwment 
components u , 
v , : I n t i  \v 

t 

matrix by recursion on I the submatricx!s 

Fig. 11 Flow Chart 
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Symbol 

Table 1 

DESCRIPTION O F  SYMBOLS 

Description 

I@PT1 0 

I@PT2 0 

I@PT3 0 

I@PT4 0 

1 

1 

1 

1 

2 

0 

1 

I@PT5 

R@W 

C@L 
XH 

XK 

ZNU 

RH@ 
THC 

R1H 

D1H 

D1B 

T1H 

C1H 

P@ 
DP 

TE 

TI 

Isotropic cylinder 

Anisotropic cylinder 

Row 1 of mesh is symmetry line, x = 0.5 

Row 1 of mesh is adjacent to boundary 

Uniform mesh spacing 

Graded mesh spacing in x-direction 

Uniform normal pressure 

Linear normal pressure 

Linear temperature gradient through the skin thickness 

Omit cylinder strains 

Pr int  cylinder s t ra ins  

Number of rows in  the finite-difference mesh 

Number of columns in the finite-difference mesh 

Basic distance between rows in the mesh 

Basic distance between columns in the mesh 

Poisson's ratio 

Shape factor ( ROc/L ) 

Half angleof segment (see Fig. 3) 

Radius to thickness ratio (R/h)  

Depth of stiffener to thickness ratio (d/h ) 

Ratio of depth to spacing of stiffeners (d/b ) 

Ratio of stiffener width to skin thickness ( t /h  ) 

Ratio of eccentricity of st iffener to skin thickness ( c /h )  

Initial value of l inear pressure  
Linear pressure coefficient [ P( ZETA) = P@ +DP*ZETA] 

External temperature 

Internal temperature 
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Symbol 

Table 1 (cont’d) 

Description 

Tc#) 
oc 
M M ( J ) ,  J = l , R + W  

MM(31) 

MM( 32 ) 
MM(33) 
MM( 34 ) 
MM( 35 ) 

CILBL(1, l), I = 1 , 6  
CILBL(1, 2 ) ,  I = 1 , 6  
CILBL(1, 3 ) ,  I = 1 , 6  
CILBL(1, 4 ) ,  I = 1 , 6  

Ambient temperature for zero stress 
Coefficient of thermal expansion 

Grading mesh constants; mesh spacing used for  
difference equations on row J is equal to 
XH/2. **MM( J ) 

Number of rows to be plotted 

Four row numbers for  which plot output is desired 
( U , V , W , N x s M x ” e , M e )  

Curve labels appearing on the plot output to identify the 
rows selected CILBL( I ,  1 ) corresponds to MM( 32 ) ; 
etc. 
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Table 2 

INPUT DATA SEQUENCE AND FORMAT 

Fortran Symbol 

RECORD 

I @ P T l ,  I@PT2,  IGPT3, I@PT4,  I@PT5 

R@W, C + L ,  XH, XK 

Z N U ,  RH@, THC , R1H 

D1B , DlH,  T l H ,  C1H 

P@ , DP 
TE , T I ,  T@,  OC 

M M ( J ) ,  J = l , R @ W  

M M ( J ) ,  J=31, 35 

CILBL(1 , 1) ,  I = l , 6  

CILBL(1, 2 ) ,  I = 1 , 6  

CILBL(1, 3 ) ,  I = l , 6  

CILBL(1, 4 ) ,  I = l , 6  

(a) Omitted unless I@PTl= 1 
(b) Omitted unless I@PT4= 1 
(c)  Omitted unless I@PT4 = 2 
(d) Omitted unless I@PT3 = 1 
(e) Omitted if MM( 31 ) = 0 

Format 

7 2H 

511 

6E12.8 

6E12.8 

6E12.8 

6E12.8 

6E12.8 

3512 

512 

6A6 

6A6 

6A6 

6A6 
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L = 51.5 in. 
R = 35.5 in. 
8, = 0.594 r ad  

t = 0.221 in. 
b = 6.82 in. 
d = 0.603 in. 
h = 0.147 in. 

A 
X 

Fig. 12 Cylindrical Panel for the Example 
l l  

Values of input quantities are given in Table 3 and a listing of the corresponding 

input data cards is presented in Table 4. For  convenience, the coordinate value x 
corresponding to the row number is as follows: 

x = o  -ROW 15 x = 0.1 -ROW 7 

x = 0.00625 - ROW 14 x = 0.15 - ROW 6 

x = 0.0125 -ROW 13 x = 0.2 -ROW 5 

x = 0.01375 - ROW 12 x = 0.25 - ROW 4 

~ = 0 . 2 5  -ROW 11 x ~ 0 . 3  -ROW 3 

~ = 0 . 0 3 7 5  -Row10 ~ ~ 0 . 4  -Row2 

~ ~ 0 . 0 5  -ROW 9 x = 0 . 5  -ROW 1 

x = 0.075 -ROW 8 

The computer results are in the form of printed digital values and plots. The sample 

printed output given in Table 5 presents displacements components ( u  , v , w ) 
stress resultants ( N  9 Ne 9 Nxe 9 NOx 3 Mx y Me 9 M,e 9 Qx 9 & e )  9 andbomdarY 

stress resultants ( N  

dimensional form. 1 Plotted output includes displacement components ( u  v , w ) 
, Q , M ) . [Note that these quantities are in non- tan 7 Nnorm 
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Symbol 

I4PT1 

I4PT2 

IGPT3 

I+PT4 

I@PT5 

R4W 

C 4 L  
XH 

XK 

Z NU 

RH4 
THC 

R1H 

D1H 

D 1B 

TH 

C1H 

Table 3 

INPUT VALUES FOR THE EXAMPLE 

Value 

1 

0 

1 

0 

0 

14.0 

20.0 

0 . 1  

0.05 

0.3 

0.4 

0.594 

242.0 

4.1 

0.0884 

1.5 

2.55 

p4 ’ DP ’ TE ’I Not required T I ,  T+ , OC 

Symbol 

MM(4) 

MM(5) 

MM(6) 

MM(7) 

MM(8) 

MM(9) 
MM( 10 ) 

MM(11) 

MM( 12 ) 

MM( 13 ) 

MM(14) 

MM(31) 

MM(32) 

MM( 33 ) 

MM( 34 ) 

MM( 35 ) 

CILBL(1, 1 ) I=  1 , 6  
CILBL(1, 2 )I= 1 ,6  

CILB L ( I , 3 )I = 1 ,6  

CILBL(1, 4)1=1,6  

Value 

1 

1 

1 

2 

2 

3 

3 

4 

4 

4 

4 

04 

01 

06 

09 

13 

x = 0.5, symmetry line 
x = 0.15, ROW 6 

x = 0.05, Row 9 

x = 0.0125, Row 13 
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~ and stress resultants ( Nx , Ne , Mx , M ) along four specified rows, and boundary 0 
stress resultants (Ntm , Nnom , Q , M), along the boundary curve. This plotted 

output is shown in Figs. 13a through f .  

Table 5 
SAMPLE PROBLEM ORTHOTROPIC CYLINDER NORMAL PRESSURE 

C Y L I N D E R  DISPLACEMENT COMPONENTS t u *  V ,  W )  

C O L  ROW U 
1, 1 7  0. 
1; 1 6  1.867072E-03 

0. 1, 1 5  BGUNDARY- 
I 1; -14 -10284630E-03 

. _  -_ - .  

1, 1 3  
1, 12 
1; 11 
1; 10 
1; 9 .  
1 9  8 
1, 7 
1; 6 
1, 5 
1; 4 

_ _  3 
1; 2 
1 -. 

1, 1 SMTY LLNE 
2, 17 
29 16 
2, 15 BOUNDARY 
2, 14 
2, 1 3  
2 r  12 
2, 11 
2, 10 
2, 9 
2; 8 
2, 7 
2; 6 
2; 5 
2, 4 
2, 3 
2; 2 
2, 1 S M T Y  L I N E  

- __ 

-1.970761E-03 
-2. 146589E-03 
-10886211E-03 
-60268077E-04 

7 . 3 ~ ~ ~ + 0 4  
3 0'60 2 8 6 E -0 3 
4.810151E-03 
5.546042E-03 
40607340E-03 
3 0  1.00316E-03 
1.885045E-03 
2.77 1763E-04 
0. 
0. 
1.867419E-03 
0. 

-10284551E-03 
-10970173E-03 
-2.14506'FE-03 
-1.8833256-03 
-6o204223E-04 

7o474678E-04 
3oO80177E-03 
4,84082 1E-03 
5.599483E-03 
4.683598E-03 
3.1YOOlOE-03 
1.973994E-03 
3.367156E-04 
0. 

V 
0 .  
0. 
0. 
0.0 
0.  
0. 
0. 
0. 
0 .  
0. 
0. 
0. 
0 .  
0. 
0 .  
0. 
0. 
0. 
2o395163E-04 
0. 

_ _  

. 

- - - - . - .- 

-20394961E-04 
-4.794142E-04 
-7 2 0 1 62 6E-04 
-9. 621046E-04 

-1.941692E-03 
-2.936370E-03 
-3.93419lE-03 

-10449002E-03 

-50904731E-03 
- 7 0  734518E-03 
-90.321540E-03 
-1o056890E-02 
-1o233849E-02 
' 1 1 C L E C C , 2 2  - I o ~ A J V I A L  

. .  

... 

-. 

. .  

. .. 

W 
4o639469E-02 
1 06  8 0 88 E-0'2 
0. 
l o068088E-02  
3o757576E-02 
7.598753E-02 
1 2 16492  E-0 1 
2m197437E-01 
3.220843E-0 1 

6 o942787E-0 1 
9 62 7 8 99 E-0 1 
l o 0 9 4 2 7 1 E  00 
1oL54270E 00 
1m187821E 00 
1o238483E 00 
10264708E 00 
4o643006E-02 
3.0688896-02 
0. 
1.068889E-02 
3.760434E-02 
7.6045966-02 
1.217435E-01 

3o223415E-01s 
5 2 7 3  32 6 E-0 1 
6m940892E-01 
9.637371E-01 

5 . 2 6 8 9 8 1 ~ - 0 1  

2 . 1 9 9 i 5 a ~ - o i  

1.095230E 00 
1o154876E 00  
1.187832E 00 
1o237066E 00 
&.&"- ' - 3 / . 3 9 1 0 E  00 
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Table 5 (cont'd) 

CYLINDER S T K E S S  REYULTANTY. 
ROW COL NX NTHETA NXTHETA NTHETAX 
L F  1 2.6528t-01 Lo0063E 00 0. 0. 
1, 2 2,64896-01 L a O 0 ' 6 O E  00 - 0 .  0. 
1, 3 2.637'3E-01 L.0054E 00 -0. 0. 

_ .  L C  4 2.6190E-01 LoO043E 00 -0. 0. 
1, 5 - 2 * 5 9 5 1 6 - 0 1 ~ - 1 . 0 0 2 8 E  00 -0. 0. 
IC 6 2,56696-0'1 1.0010E 00 -0. 0. 
1, 7 2.5358E-01 9.9882E-01 -0. 0. 
1,. 8 2.5027E-01 909642E-01 -0. 0. 
1, 9 2.4685e-01 9 0 9 3 8 2 f - 0 1  -0. 0. 
1,. 10 2.4340E-01 9.9109E-01 -0. 0. 
L +  11 2.40036-01 9.8826E-01 -0. 0. 
1, 12  2.3687E-01 908536E-01 -0. 0. 
1, 1 3  2.34025-01 9.8239E-01 -0. 0. 
It. 1 4  2 .3161t -01  9.7929E-01 -0. 0. 
1, 1 5  2.2972E-0'1 9.7601E-01 -0. 0. 

0 .  
1,. 17 2.2771E-01 9.6839E-01 -0. 0. 
1 9 %  i8 2.2759E-01 9.6377E-01 -0. 0. 
1,. 1 9  2.28056-01 9.58+3E-01 -0. 0. 
1,. 20 2.29116-01 9.5224E-01 -0. 0. 
1, 2 1  2.3095E-01 9.4519E-01 0 .  0. 

2r. 2 2.6171Ed01 1.0074E 00 -1.8205E-03 -1m8229E-03 
29 3 2.6093E-01 1.0072E 00 -3.5577E-03 -305624E-03 
2, 4 2.5963E-01 1.0068E 00 -501359E-03 -5.1420E-03 
2 +  5 205788E-01 LeOO63E 00 -604952E-03 -605036E-03 
2t. 6 205573E-0'1 L.0058E 00 -705968E-03 -706066E-03 

- -. 

~ - 

- _ _  __ 19.- 16 202842E-01 9.7241E-CY1 -0. 

_ _  2 c  1 2.61976-01 LoO076E 00 0. 0. 

- .  2, 7 205322E-01 1.0053E 00 - 8 o 4 2 7 l E - 0 3  -8.4377E-03 - 

2 +  8 2.50376-01 1.00'48E 00 -8.9975E-03 -9.0083E-03 
29 9 2047206-01 1.00'43E 00 -903438E-03 -903542E-03 
2 9 .  10  20437'9E-01 Lo0036E 00 -905235E-03 -905329E-03 
29 11 2.4025E-0'1 1.0026E 00 -9061096-03 -9.6186E-03 
29. 12 2.36736-01 100012E 00 -906908E-03 -9.69626-03 
29 13  2.33416-01 909932E-01 -908495E-03 -9o8522E-03 
2, 1 4  2.3049E-01 9.9648OE-01 -1.0165E-02 -1.0165E-02 
2~ 1 5  2.2816El-01 9.9355E-01 -1.0697E-02 -1.0693E-02 
2, 16 2.2659E-01 908946E-01 -1.1475E-02 -1.14706-02 
2,. 1 7  2.2586E-01 9.8447E-01 -1.2497E-02 -1.2489E-02 
29. 1 8  20260'2E-01 Yo7851E-01 -1.37L3E-02 -1.3704E-02 
2, 1 9  2.2698E-01 9.7157E-01 -L .5032E-02 -1e5024E-02 
29  20 2.2853E-01 9.6362E-01 -1.6319E-02 -1.6314E-02 
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Table 5 (cont'd) 

- 
CYLINDER S T R E S S  R E S U L T A N T S .  

ROW COL M X  M T H E T A  MXTHETA Q X  QTHETA 
1 9  1 5oG5926-05 -1.0763E-03 0. -0. 0. 

1% 3 5.04431-05 -1.0610E-03 -0. -0. 1.1768E-04 
I 1t- 2 5 0 0 5 8 l E - 0 5  -1.0724E-03 -0. -0. 7.5491E-05 
I 

-0 1.0103E-04 
1 9  5 4o7371E-05 -1.0178E-03 -0.  -0.  -4. 63536-06 
It- 6 403004E-05 -908810E-04 -0. -0. -2 343 1 E-04 

_ _  1 , -  4 4.9633E-05 -1.0426E-03 -0. ._ ~ 

I 9  7 3.6363E-05 -905559E-04 -0. -0 -6.2220E-04 

1 9  9 1.8175E-05 -809564E-04 -0. -0 .  -1.9557E-03 

I t  11 -800897E-07 -806968E-04 -0. -0. -3.9963E-03 
1, 1 2  -8.4913E-06 -807978E-04 -0. -0. -5.200LE-03 

1~ 8 2.7829E-05 -9.2348E-04 -0 .  -0. -1.1931E-03 

-2. 8997E-03 
- - - - -0 

. -  _ _ _  - _ _  - 1, 10 Eo3288E-06 -807630E-04 -0. 

1 9  13 -1.4187E-05 -901013E-04 -0.  -0. -604521E-03  
1 9  1 4  -1 .7612 i -05  -9.6375E-04 -0. -0. -706835E-03 
1, 15 -L.87456-05 -1.0430E-03 -0. -0. -8.8188E-03 

. 1 6  -1.7856E-05 -1.14986-03 -0 .  -0. _. __ -9.7790E-03 
1, 17  -1.5573t-0'5 -1.2853E-03 -0 .  -0. -1.0484E-02 
1 9  1 8  -1.3013E-05 -1.4505E-03 -0 .  -0. -1.0857E-02 
19. 1 9  -1.1997E-05 -1.6457E-03 -0. -0 -1.0824E-02 
1 9  20 -1.5405E-05 -1.87126-03 -0. -0. -1 . 0318E-02 
I t  2i -2.7679E-05 -2.12706-03 0. -0. -9.2818E-03 
29 1 3 0 1 7 4 4 t - 0 5  -100950E-03 0. 3.1202E-05 0. 
2, 2 3.1315E-05 -1.0920E-03 2.3703E-06 2.7395E-05 -1.2359E-05 
2 9  3 30008SE-05 -1.0865E-03 406311k-06 1.6108E-05 -500195E-05 
29 4 2.8769E-05 -1.0762E-03 606772E-06 -2.9826E-06 -403526E-06 
29 5 2.8420E-05 -1oO578E-0'3 8.4078E-06 -300281E-05 1.2611E-04 
29 6 2.9992E-05 -1.0282E-03 907279E-06 -6.5603E-05 2.3306E-04 

. _ _  29 7 3.3853E-05 -9.88986-04 1.0550E-05 -1.07506-04 1.5135E-04 
29 8 309718E-05 -904522E-04 loO80'0E-05 -1o5314E-04 -202747E-04 
29 9 4.6857E-05 -9.0355E-04 100420E-05 -1.9870E-04 -903213E-04 
29 10 504352E-05 -807049E-04 9.3820E-06 -203985E-04 -1.9362E-03 
29 11 6.128LE-05 -8.5183E-04 706981E-06 -2.7236E-04 -301832E-03  
29 1 2  5,68156-05 -8.5246E-04 504324E-06 -209248E-04 -406021E-03 
29 13 7.0238E-05 -8.7644E-04 2.71236-06 -209738E-04 -601142E-03 
29 1 4  7 .0938t -05  -9.2716E-04 -2.6545E-07 -2.8542E-04 -7.6387E-03 
2. 1 5  5.8365E-05 -1.0075E-03 -3023446-06 -205619E-04  -900954E-03 
29 16 6.20186-05 -1.1202E-03 -508658E-06 -201043E-04 -1.0408E-02 
2, 1 7  5.1462E-05 -1.2680E-03 -7.78136-06 -1o4955E-04 -1.1505E-02 
29 1 8  3064106-05 -1.4542E-03 -8.5713E-06 -7o4986E-05 -1.2320E-02 
29 19 1,6901E-05 -1.6830E-03 -708134E-06 1.2648E-05 -102790E-02 
29 2 0  -6.400'5E-Ob -1.95985-02 -5.0897E-06 Lo1411E-04 -102850E-02 
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Table 5 (concl'd) 

BOUNDARY S T R E S S  RESULTANTS. 

&OW COL NTAN 
1 5 ,  1 0. 
15, 2 -909253E-03 
15,  __ 3 __ -109856E-02 
15, 4 -209786E-02 
15, 5 -309693E-02 
159 8 -4095226-02 
15, 7 -509183E-02 
15, 8 -608540E-02 
15, 9 -707403E-02 
15, i o  - a . 5 5 2 8 ~ - 0 2  
15, 11 -9.2609E-02 
15, 1 2  -908280E-02 
15 ,  1 3  -100212E-01  
15,  1 4  -100369E-01 

-_ - 15, 1 5  - -100253E-01 
- 9 0 8 2 6 0 f - 0 2  15, 1 6  

15, 1 7  
15 ,  18  
15, 1 9  
15,  20  
15, 2 1  
1 5 c  2 1  
15, 2 1  
14, 2 1  
13, 2 1  
12, 2 1  
. 11, 2 1  
10, 21 

9, 2 1  
8, 2 i  
7, 2 1  
6, 2 1  
5, 2 1  
4, 2 1  
3, 2 1  
2, 2 1  
1, 2 1  

- 9 0 0 6 0 9 t - 0 2  
-709514E-02 
-6.4861E-02 
-40  7 5276-02 

5 2 77 8E-06 
..- 

-0 .  
4.7472E-02 
3.6854E-02 

5.8159E-02 
7,84456-02 

5o7328E-02 

8 8 080 E-0 2 
1 O 422 E-01 
1.0879E-01 
1 0 117E-0 A 
7.8073E-02 
5o6605E-02 
4.0230E-02 
1 7408E-02 

-0. 

M 
-4.5881E-03 
-405917E-03 
-406019E-03 
-4.6168E-03 
-4m6334E-03 
-406478E-03 
-4.6548E-03 
-406485E-03 
-406221E-03 
-405683E-03 
-4.4787E-03 
-403448E-03 
-40  1573E-03 
-3.9062E-03 
-3.5816E-03 
- 3 0  1 7 3 9 t - 0 3  

2.28316-01 -707435E-02 -206758E-03 
2o2004E-01 -608014E-02 -2.08576-03 
Lo94S4E-01 -505224E-02 -104113E-03 
1o4206E-01 -307239E-02 -6085006-04 
0. -308332E-04 -00 - 

0. -101373E-03 -00 
9 5795E-02 -9  2U14E-03 -1 5 8 5 1  E-04 
9o3074E-02 -104575E-02 -206829E-04 
1.5213E-01 -2.0018E-02 -4.8001E-04 
1o7713E-01 -203955E-02 -606753E-04 
206504E-01 -3.16136-02 -1009266-03  
3o3439E-01 -304840E-02 -1.4496E-03 
4.7853E-01 -3.9606E-02 -2.0841E-03 
5.9205E-01 -306757E-02 -2o4067E-03 
7.7824E-01 -207202E-02 -2o666OE-03 
8.6801E-01 -108130E-02  -2055546-03 
9o0768E-01 -103892E-02 -2o3926E-03 
9o2840E-01  - 1 0 1 7 5 l E - 0 2  -2m2986E-03 
9o5526E-01 -101864E-02 -202927E-03 
9.4519E-01 -902818E-03  -2.12706-03 
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EXAMPLE PROBLEM ORTHOTROPIC CYLINDER NORMAL PRESSURE 

0 X r . S  ISYMMETRY LXNE e XO.OS I mu s 

X Xn.lS I ROW 6 I x=.o1zs I Iov 13 

a O.? 0.4 0.0 0.0 1.0 

THETA 

a - Cylinder Displacement Components 

Fig. 13 Output Plot for Sample Problem Orthotropic Cylinder Normal P res su re  
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CXAYCLL PROBLEM ORTHOTROPIC CYLINDER W M A L  PRESSURE 

0 X x . 9  ISYWMETRY LINE e x=.os I IK)w 9 

X Xz.19 , ROY 6 Y x=.ai ts mu i s  

THETA 

b - Cylinder Displacement Components 
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LXIMCLE CROOLEM ORTHOTROPIC CYLINDER -MAL PRESSURE 

0 XX.5 oSYWETRY LIWE 

I XX.15 I W U  8 

Q xz.05 , I)ar 9 

'I Xt.0125 , RCU 13 

THETA 

c - Cylinder Displacement Components 
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X 
2 

THETA 

d - Cylinder S t ress  Resultants 
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< c 
W 
I 
I- z 

e - Cylinder Stress Resultants 
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BAWSOO I 
008 OOL 

0 0-I 0.4 0.a 0.8 1.0 

THETA 

f - Cylinder S t ress  Resultants 
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4.3 LISTING OF THE PROGRAM 

The complete source program is given in Table 6 .  
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